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Denotational Semantics

Interpretation: program t ~ [t]
Abstracting away the implementation details

Equivalence: programs t and u ~ [t] = [u]
Equating programs without looking at implementation details
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Denotational Semantics

Interpretation: program t ~ [t]
Abstracting away the implementation details

Equivalence: programs t and u ~ [t] = [u]
Equating programs without looking at implementation details

Induces an equational theory:
» Compatible:
if [t] = [u] then VC, [C(t)] = [C(u)];
» Invariant under computation:
if t =g u then [t] = [u].
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Contextual Equivalence

When are two A\-terms equivalent? [Mor68]
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Denotational Semantics vs. Contextual Equivalence

[t] = [u] <= t=u
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Denotational Semantics vs. Contextual Equivalence

[t] = [u] <= t=u

» Sometimes it matches!

Scott's Do, model ~ observing head termination

» Sometimes it does not...

Game semantics, Relational Model

Can we get a contextual characterization of these models?

4/31



Intensional Information in (Some) Denotational Models

These models may contain intensional information:
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Intensional Information in (Some) Denotational Models

These models may contain intensional information:

x:int Nint F x + x:int
VS.
x:int F 2 % x:int

Some programs behave the same but use different resources.
— A Resource-Aware Contextual Equivalence?
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Going Too Intensional

Sands' cost equivalence [San99] is defined as:

t=coty  fYCVk>0. [C(lh <  Cluylh ]
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Going Too Intensional

Sands' cost equivalence [San99] is defined as:
t=sty ifYC,Vk>0. [COLE & Cu)lp ]

Not an equational theory if we observe termination!
I=3IIbutI#"1II

Where do relational semantics fit?

t=ty o tha = [u]ra ... t=™u

6/31



The best of both worlds

A cost-sensitive equational theory?
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A cost-sensitive equational theory?

How can we measure the interaction between a program and a
context modulo the internal dynamics?

° Sy ° Sy

P

Q

P~qQ

Checkers \-Calculus [POPL 2025]:
a framework to identify

internal and interaction steps for the
untyped A-calculus
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The best of both worlds

A cost-sensitive equational theory?

How can we measure the interaction between a program and a
context modulo the internal dynamics?

C e

C e

P Eint Q

Checkers \-Calculus [POPL 2025]:
a framework to identify

internal and interaction steps for the
untyped A-calculus
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What should be the meaning of a program

Interaction Equivalence is an equational theory!

C ek C ek

P Eint Q

» Duality between Program/Context reminiscent of Game
Semantics

» Modeling communication P |C akin to m-calculus and LTS
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Inspecting Black Boxes

Contextual equivalences are hard to check! V-quantifier

Intensional equivalences are easy to check!

— Bohm tree equivalence, normal form bisimilarity, set of approximants, etc.
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Inspecting Black Boxes

Contextual equivalences are hard to check! V-quantifier

Intensional equivalences are easy to check!

— Bohm tree equivalence, normal form bisimilarity, set of approximants, etc.

Tree Characterization [POPL 2025]:
interaction equivalence is exactly Bohm tree equivalence

! U BT(t) = Axy...xp.x = BT (u)

'*’ - O
AN

Interaction Equivalence

N2.2
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Interaction Improvement
Today[FoSSaCS 2026]!: studying optimizations

C

(2

C

P [Cint-imp Q

oL <k
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Interaction Improvement
Today[FoSSaCS 2026]!: studying optimizations

C ek 8. oL <k

P [Cint-imp Q

Tree Characterization:

¢ I I
U ey .coxpr <MD Tp_1.T
Interaction Improvement /’\ /’\
. L . Azz

Characterizing the Relational Preorder: [t],e C [u]rel
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The Checkers A-Calculus
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The Checkers A\-Calculus

Neo O tu

X

| Aex.t |teu
| Aox.t [tou

Intuition: C (t*)

Silent Steps:
(Aex.t) @u =g, t{x:=u}
(Aox.t) ou g, t{x:=u}

Interaction Steps:
(Aex.t) ou—ge t{x:=u}
(Aox.t) @u—ge t{x:=u}




Interaction Cost?

Counting interactions depends on the reduction sequence.

(Mex.x o x) @ (I, eI,)

1 interaction step \sile;t step

(Aex.xex) oI, (IoeIs)e(IoeI,)

1 silentstep\) 2 interaction step

Iee0I,

The checkers calculus is confluent but does not preserve interaction
steps.

We consider the head interaction cost :

t |2 means t head-normalizes with k interaction steps
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Counting Interactions in Contextual Equivalence

Let t,t' € Aqo

> Quantitative Contextual Equivalence:
t = uif,

V colored €, Vk, [ €(t) %% = () ok |;
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Counting Interactions in Contextual Equivalence

Let t,t' € Aqo

> Quantitative Contextual Equivalence:
t = uif,

V colored €, Vk, [ €(t) %% = () ok |;

> Quantitative Contextual Preorder:
t CE™ u [u simulates t] if,

V colored €, Vk, [ &(t) I — <) % |,

» Quantitative Contextual Improvement:
t TP g [y improves {] if,
V colored €, Vk, [ €(t) % = &(u) Jg<" with k' < k];
Key Point: we ignore silent steps and count interaction steps.
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Interaction Equivalence

A AC®

t Eint uif t* Egtx u®

Note that contexts have both black or white constructors.
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But... What terms are interaction (in)equivalent?
n-equivalence: Ax.tx =, t if x & fv(t)
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But

. What terms are interaction (in)equivalent?
n-equivalence: Ax.tx =, t if x & fv(t)

I:=Xx.xZ" AxAy.xy =1
> The separating context € := (-) o z o w distinguishes 1 and I:

e

leozow Jeozow
KT
(Aey.zey)o zow
J’ho
zew
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But... What terms are interaction (in)equivalent?
n-equivalence: Ax.tx =, t if x & fv(t)

I:=Xx.xZ" AxAy.xy =1

> The separating context € := (-) o z o w distinguishes 1 and I:

e
leozow Ieozow
ok
()\.y.Z.y) Zow
J’ho
zew

n-reduction may improve terms, but n-expanding them can never
lead to improvement:

Ay xy P Ax x but  Ax.x ZPUITP \x Ay xy
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Interaction Equivalence <= Bohm[POPL 2025]

The interaction preorder is characterized by the preorder induced by
Bohm trees Cp.

Intersection Types

In the literature
t=gu ¢————— t=rely

Quantitative properties Tlght technlque

/\)/—\

tCpu t® Eéel u® t Eint u

\/

Interaction Béhm out technique
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Characterizing Interaction Improvement [FoSSaCS 2026]

t Erel u

In the literature

Studied through Intersection Types

tEB+7]red U e tqgroelun> tgintdmp u

\/

Interaction Bohm out technique
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Intersection Types for the Plain A-Calculus

A syntactic presentation of [t]ye.
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Intersection Types for the Plain A-Calculus

A syntactic presentation of [t]ye.

Terms can multiple types:
x:B1NPa...;,y:akbt:ang

All terminating terms are typable:
x:B8—=a,x:0Fxx:«
The application rule of intersection types:

rl—t:[ﬁl,...,ﬁ,’]%a All—u:ﬁl Ail—u:ﬁi
FTgATW-- WA Ftu:o ©
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Intersection Types for the Checkers Calculus

Types L' == A|M3L  ce{oe}
MuLtI TYPES M, N [L1,...,Ls] n>0

r-bemS AH}u:M@ FTELEM S U AR u:M
N WA <yl

o,
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Intersection Types for the Checkers Calculus

Types L' == A|M3L  ce{oe}
MuLtI TYPES M, N [L1,...,Ls] n>0

(i o t:Li)ies | finite an

— ax o

x:[L]FE x:L S AT ()
Mox:MEEt:L
FEE Ax.t:M S L

FrELeMS LU AR u:M FTELEM S U AR u:M

©e

MyA RS eyl WAt uil

o,
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Intersection Types for the Checkers Calculus

Types L' == A|M3L  ce{oe}
MuLtI TYPES M, N [L1,...,Ls] n>0

(FiFé t:Li)ies 1 finite
x:[L] O x:L Wie/Tj e t:[Lilies
Mox:MEEt:L
FEE Ax.t:M S L

r-bemS AH}u:M@ FTELEM S U AR u:M
N WA <yl

o,
As always:

» Typability=Termination: t ||{- <= 3, L, 5 t:L
> Interaction Upper Bound: 3, L, I FX t:L =t Uk st k' >k
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Relational Checkers Semantics

[tlele = {(T,L, k) | T F& t:L}
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Relational Checkers Semantics

[tlele = {(T,L, k) | T F& t:L}

Ht]]relo = [[U]]relo — B = t="y «— ¢ =rel U [POPL25]

N ete C u o t [Cint-imp u
[[]]rel _[[ ]]rel @5 =
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Relational Checkers Semantics

[t]etle = {(T, L, k) | T H& t:L}
[thie = [ulrere <= B <= t=""u <= t = u[POPL2S]
[tlcele C [u]rele < tREmP Y
Fo Aex- Aoy xoy:[0 L] 303 L
whereas

FO )\.X.x:[Oi> L] 0S5 L
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Relational Checkers Semantics

[thele = {(T, L, k) | T & t:L}

Ht]]relo = [[U]]relo — B = t="y «— ¢ =rel U [POPL25]

[[t]] rele © [[u]]relo @5 t Eint‘imp U
e deyx e yi 05 L 505 L
whereas

FOAexx:[0 5 L] 205 L

Candidate: [Aex.Aey.X ® ¥]ycle Cwhiter cheaper [Aex.-X]rele
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Difficulty: Proving Compatibility

App Case: If t Ewhiter cheaper uands Ewhiter cheaper r then
tCs Ewhiter cheaper u - r for any c.
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e eMS L MrRe oM

ki+ko+6+
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App Case: If t Ewhiter cheaper uands Ewhiter cheaper r then
tCs Ewhiter cheaper u - r for any c.

e eMS L MER s M

ki+ko+6+
FTWA e o o4 pCsL

@

By hypothesis (whiter cheaper premices):

Mokt uM S U ke My
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Difficulty: Proving Compatibility

App Case: If t Ewhiter cheaper uands Ewhiter cheaper r then
tCs Ewhiter cheaper u - r for any c.

e eMS L MER s M

ki+ko+6+
FTWA e o o4 pCsL

@

By hypothesis (whiter cheaper premices):

Mokt uM S U ke My
1 @22(if M/ = M")

Kj+K)+6L,
M Wl ke oyl

Both are whiter versions of M, we repaint typings whiter to be able

to apply @.

22 /31



Example of Repainting

X:[M1>L] Fé)\.y.xoy:M%L rl—és:M o

o ot
Foxc[M S U FE%% Ly xey) A sl

\l/ ()\.y.x oy Ewhiter cheaper X)
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Example of Repainting

XZ[M%L]"%)\.)AXO)/:ML)L rl—és:M
o 14 k+ot (G]
Mx:[M—=L] ke " ey xey)ds:L

4 ()\.y.x oy [ Whiter cheaper X)
x:MSLFx:M3L THss:M o
1L
ox:M =L "g+6°’dx-ds:L

d (S Ewhiter cheaper r)
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Example of Repainting

X:[M1>L] Fé)\.y.xoy:MQL rl—és:M o

o ot
Foxc[M S U FE%% Ly xey) A sl

4 ()\.y.x oy [ Whiter cheaper X)
x:MSLFx:M3L THss:M o
1L
ox:M =L "éMO’dx-ds:L

d (S Ewhiter cheaper r)

[e)

i M S LR x:M S L T HE re W o

’ €1
NI
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Whiter Cheaper but Not Everywhere...

(x:MS LMD LK) € [Aay.xoy]°
iff
o
d—eand k=40 Fe=d
1 ifc#d
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Whiter Cheaper but Not Everywhere...

(x:MS LMD LK) € [Aay.xoy]°
iff

o
d—eand k=40 Fe=d
1 ifc#d

The whiter and cheaper typing whitens in specific spots:

(x:[M3L,M3L,0) e [x]°
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Polarized Whiter Cheaper

For all checkers terms t, u we define t Cg"° u if and only if

V(T, L, k), if T F& t:L, then
3(I", L, k') such that " F&" u:L/
and 3d, (I",L') <} (T,L) with k > k' +d
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Polarized Color Occurrences

— + —p p
pef+ 1 M < M L <L M <PM L'<) L
A P A o + ° [ p (e
A<gA M=LU<p ,aM=L MU ML
S I A W
Ly L <Rk, (Lo Ll

Figure: Polarized whitening of a type.

The relations above extend to environments I and pairs (', L) as

follows:
r gil rm giz M r g;lp r SZ L
0 Sg 0 r,’X M Si1+k2 Fx:M <|_/, L/> SZ-{—I@ <r’ L>
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Compatibility of the Polarized Whiter Cheaper Improvement

App Case: If t C8"° uand s T8V r then t-¢s T8V° u-C r for any c.
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Compatibility of the Polarized Whiter Cheaper Improvement

App Case: If t C8"° uand s T8V r then t-¢s T8V° u-C r for any c.

st ML rrke sM o

ki+ko+6+
FTWA e - odp.cgl

By hypothesis (t C8"° v and s C§"° r):

okl usM S TR M
: Q(if M’ = M")

k’+k’+61- ,
Mwlbe 2 Y ucr:l/
We know that M, M’ and M” are still related:
M’ <, M and M" <} M
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Example of Repainting

It does happen that the argument type M is unchanged, consider
Aey.x @y o™ x applied to an argument s ¢ s

x: ML Ay xey:M 3L rMs:M@ x: M3 LI x:M 2L I'Hgs:M(Q

L
rox:[M 3 L] Fé+k+6 4 (Aey-xey)-ds:L Mox:[M 2L F:+6°‘dx~ds:L

What if we were to use another term than s as argument, say r such
that s Ce"© r. We repaint in the typing for x

o

x:[M'i>L] FOx:M 3L T HE rM o

M2 1] KT d g
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Consider A\gx.x @ A\gz.y @ z C87° \ox.x ® y applied to s.

We have a derivation for (Aex.x @ Aez.y ® 2) dg:

X[MS LSV M3 LSU v M3 LU Azyez: ML o
1462,

y:[MgL],x:[[ML)L];L/] Fe xoNzyez:l
1
y: M3 F:ré‘" Aexxodzyez: MBS L] S U s s (M35
° 14k+83 4+82, e
Ly M3 LFe 7% (Aex.x e Aezyez)-ds:L’

There exists a positive whiter-cheaper derivation for Ag¢x.x @ y:

x[M3LUSUIFx:MS0SL y: M3 y: M3 o
L
yiM S Lx: M3 LS L] Fe xey:L!

A
L
YiIM S L e Aaxx e yi[[M S L] S LS L Mk s: M2 S L
D @?
1o sl
ry: M3 F’:ﬂs"ﬁa"' (Nex.x@y)ds:L’

The repainting mechanism continues on s...
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Lemma (Repainting)

Suppose T & t : L and that (I",L') <[ (I',L). Then there exists a
derivation of " HK' t : L” such that one of the following holds:

i) (M, L") <{ (I",L') and k = k'; or
1
(it) (", "y =(I",l') and |k' — k| = 1.
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Conclusion
» [POPL25] Interaction-awareness in the A-calculus: checkers
calculus & interaction equivalence

» [FoSSaCS26] Interaction improvement: make explicit the
costs at play in relational semantics

» A new proof technique for compatibility for non standard
preorder on intersection type semantics

Future work:
» Work it out in Call-by-Value/Need, and in effectful extensions

» How does it relate to Game Semantics? to process calculi?
» Prove that compiler transformations are correct improvements
» What does our interaction cost represent?

Communication complexity?
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Conclusion
» [POPL25] Interaction-awareness in the A-calculus: checkers
calculus & interaction equivalence
» [FoSSaCS26] Interaction improvement: make explicit the
costs at play in relational semantics
» A new proof technique for compatibility for non standard
preorder on intersection type semantics

Future work:
» Work it out in Call-by-Value/Need, and in effectful extensions
ML) Zcex M) ()
» How does it relate to Game Semantics? to process calculi?
» Prove that compiler transformations are correct improvements
» What does our interaction cost represent?

Communication complexity?

Thank youl!
31/31



[ Beniamino Accattoli, Adrienne Lancelot, Giulio Manzonetto,
and Gabriele Vanoni.
Interaction equivalence.
Proc. ACM Program. Lang., 9(POPL), January 2025.

@ James Hiram Morris.
Lambda-calculus Models of Programming Languages.
PhD thesis, Massachusetts Institute of Technology, 1968.

[@ David Sands.
Improvement theory and its applications, page 275-306.
Cambridge University Press, USA, 1999.

31/31



