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Denotational Semantics

Interpretation: program t ; JtK
Abstracting away the implementation details

Equivalence: programs t and u ; JtK = JuK
Equating programs without looking at implementation details

Induces an equational theory:

▶ Compatible:

if JtK = JuK then ∀C , JC ⟨t⟩K = JC ⟨u⟩K;
▶ Invariant under computation:

if t =β u then JtK = JuK.
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Contextual Equivalence

t u

When are two λ-terms equivalent? [Mor68]

t ≡ctx u if for all contexts C . [ C ⟨t⟩ ⇓ ⇔ C ⟨u⟩ ⇓ ]
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Contextual Equivalence

C

t
i o1 ∈ O

C

u
i o2 ∈ O

When are two λ-terms equivalent? (It depends on the
Observables) [Mor68]

t ≡ctx u if for all contexts C . [ C ⟨t⟩ ⇓O ⇔ C ⟨u⟩ ⇓O ]
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Denotational Semantics vs. Contextual Equivalence

JtK = JuK ?⇐⇒ t ≡ctx u

▶ Sometimes it matches!

Scott’s D∞ model ∼ observing head termination

▶ Sometimes it does not...

Game semantics, Relational Model

Can we get a contextual characterization of these models?
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Intensional Information in (Some) Denotational Models

These models may contain intensional information:

x :int ∩ int ⊢ x + x :int
vs.

x :int ⊢ 2 ∗ x :int

Some programs behave the same but use different resources.
→ A Resource-Aware Contextual Equivalence?
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Going Too Intensional

Sands’ cost equivalence [San99] is defined as:

t ≡cost u if ∀C , ∀k ≥ 0 . [ C ⟨t⟩⇓k
O ⇔ C ⟨u⟩⇓k

O ]

Not an equational theory if we observe termination!
I =β I I but I ̸≡cost II

Where do relational semantics fit?

t ≡cost u . . . JtKrel = JuKrel . . . t ≡ctx u
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The best of both worlds
A cost-sensitive equational theory?

How can we measure the interaction between a program and a
context modulo the internal dynamics?

Checkers λ-Calculus [POPL 2025]:
a framework to identify
internal and interaction steps for the
untyped λ-calculus
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The best of both worlds
A cost-sensitive equational theory?

How can we measure the interaction between a program and a
context modulo the internal dynamics?
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What should be the meaning of a program

Interaction Equivalence is an equational theory!

P

C

Q

Ck k

P ≡int Q

▶ Duality between Program/Context reminiscent of Game
Semantics

▶ Modeling communication P |C akin to π-calculus and LTS
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Inspecting Black Boxes

Contextual equivalences are hard to check! ∀-quantifier

Intensional equivalences are easy to check!
→ Böhm tree equivalence, normal form bisimilarity, set of approximants, etc.

Tree Characterization [POPL 2025]:
interaction equivalence is exactly Böhm tree equivalence
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Contextual equivalences are hard to check! ∀-quantifier

Intensional equivalences are easy to check!
→ Böhm tree equivalence, normal form bisimilarity, set of approximants, etc.

Tree Characterization [POPL 2025]:
interaction equivalence is exactly Böhm tree equivalence

⇔
BT (t) = λx1 . . . xk.x = BT (u)t u

y . . .

... λz.zInteraction Equivalence
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Interaction Improvement
Today[FoSSaCS 2026]!: studying optimizations

P

C

Q

Ck k′ ≤ k

P ⊑int·imp Q

⇒

Tree Characterization:

Characterizing the Relational Preorder: JtKrel ⊆ JuKrel 10 / 31



Interaction Improvement
Today[FoSSaCS 2026]!: studying optimizations

P

C

Q

Ck k′ ≤ k

P ⊑int·imp Q

⇒

Tree Characterization:

⇐⇒
λx1 . . . xk.x ≤ λx1 . . . xk−1.x

t
u

y . . .

... ⊥
Interaction Improvement

BT (u)BT (t)

= =

y . . .

... λz.z

xk

≤η·red

Characterizing the Relational Preorder: JtKrel ⊆ JuKrel
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The Checkers λ-Calculus

11 / 31



The Checkers λ-Calculus

Λ ∋ t, u := x | λx .t | tu
Λ•◦ ∋ t, u := x | λ•x .t | t • u

| λ◦x .t | t ◦ u

Silent Steps:
(λ•x .t) • u 7→βτ t{x := u}
(λ◦x .t) ◦ u 7→βτ t{x := u}

Interaction Steps:
(λ•x .t) ◦ u 7→β t{x := u}
(λ◦x .t) • u 7→β t{x := u}

Intuition: C
◦⟨t•⟩
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Interaction Cost?

Counting interactions depends on the reduction sequence.

(λ•x .x • x) • (I◦ • I•)

(λ•x .x • x) • I• (I◦ • I•) • (I◦ • I•)

I• • I•

1 interaction step 1 silent step

1 silent step 2 interaction step

The checkers calculus is confluent but does not preserve interaction
steps.

We consider the head interaction cost :

t ⇓ k
h means t head-normalizes with k interaction steps

13 / 31



Counting Interactions in Contextual Equivalence

Let t, t′ ∈ Λ•◦

▶ Quantitative Contextual Equivalence:
t ≡ctx u if,

∀ colored C, ∀k, [ C⟨t⟩ ⇓ k
h ⇐⇒ C⟨u⟩ ⇓ k

h ];

▶ Quantitative Contextual Preorder:
t ⊑ctx u [u simulates t] if,

∀ colored C, ∀k , [ C⟨t⟩ ⇓ k
h =⇒ C⟨u⟩ ⇓ k

h ];

▶ Quantitative Contextual Improvement:
t ⊑int·imp u [u improves t] if,

∀ colored C, ∀k, [ C⟨t⟩ ⇓ k
h =⇒ C⟨u⟩ ⇓ k ′

h with k ′ ≤ k ];

Key Point: we ignore silent steps and count interaction steps.
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Interaction Equivalence

Λ◦•Λ

Λ• Λ◦λx.x

λx.xx
λ•x.x • x

λ•x.x

λ◦x.x ◦ x

λ◦x.x

λ◦x.x • x

λ•x.x ◦ x

t 7→ t•

t ⊑int u if t• ⊑ctx u• . . .

Note that contexts have both black or white constructors.
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But... What terms are interaction (in)equivalent?
η-equivalence: λx .tx =η t if x ̸∈ fv(t)

I := λx .x ̸≡int λx .λy .xy =: 1

▶ The separating context C := ⟨·⟩ ◦ z ◦ w distinguishes 1 and I:

1• ◦ z ◦ w I• ◦ z ◦ w

(λ•y .z • y) ◦ w z ◦ w

z • w

h

•η

h

h

η-reduction may improve terms, but η-expanding them can never
lead to improvement:

λx .λy .xy ⊑int·imp λx .x but λx .x ̸⊑int·imp λx .λy .xy

16 / 31
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Interaction Equivalence ⇐⇒ Böhm[POPL 2025]

The interaction preorder is characterized by the preorder induced by
Böhm trees ⊑B.

Intersection Types

t ≡B u t ≡rel u

t ⊑B u t• ⊑rel u• t ⊑int u

In the literature

Quantitative properties
Tight technique

Interaction Böhm out technique

17 / 31



Characterizing Interaction Improvement [FoSSaCS 2026]

t⊑rel u

t⊑B+ηred u t•
?

⊑rel u• t ⊑int·imp u

In the literature

Interaction Böhm out technique

Studied through Intersection Types

18 / 31



Intersection Types for the Plain λ-Calculus

A syntactic presentation of JtKrel.

Terms can multiple types:
x : β1 ∩ β2, . . . , y : α ⊢ t : α ∩ β

All terminating terms are typable:
x : β → α, x : β ⊢ xx : α

The application rule of intersection types:

Γ ⊢ t : [β1, . . . , βi ] ⊸ α ∆1 ⊢ u :β1 · · · ∆i ⊢ u :βi
Γ ⊎∆1 ⊎ · · · ⊎∆i ⊢ tu :α

@
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Intersection Types for the Checkers Calculus

Types L, L′ ::= A | M c−→ L c ∈ {◦, •}
Multi types M,N ::= [L1, . . . , Ln] n ≥ 0

x : [L] ⊢0 x :L
ax

(Γi ⊢li t :Li )i∈I I finite

⊎i∈IΓi ⊢
∑

i∈I li t : [Li ]i∈I

many

Γ, x :M ⊢k t :L

Γ ⊢k λcx .t :M
c−→ L

λ

Γ ⊢l t :M
c−→ L′ ∆ ⊢h u :M

Γ ⊎∆ ⊢l+h+1 t ·c⊥ u :L
@

Γ ⊢l t :M
c−→ L′ ∆ ⊢h u :M

Γ ⊎∆ ⊢l+h t ·c u :L
@τ

As always:

▶ Typability=Termination: t ⇓h ⇐⇒ ∃Γ, L, Γ ⊢ t :L

▶ Interaction Upper Bound: ∃Γ, L, Γ ⊢k ′
t :L ⇒ t ⇓ k

h s.t. k ′ ≥ k

20 / 31
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Relational Checkers Semantics

JtKrel = {(Γ, L, k) | Γ ⊢k t :L}

JtKrel = JuKrel ⇐⇒ B ⇐⇒ t ≡int u ⇐⇒ t ≡rel u [POPL25]

JtKrel ⊆ JuKrel ⇍⇒ t ⊑int·imp u

⊢1 λ•x .λ•y .x • y : [0 ◦−→ L]
•−→ 0

•−→ L

whereas

⊢0 λ•x .x : [0
c−→ L]

•−→ 0
c−→ L

Candidate: Jλ•x .λ•y .x • yKrel ⊆whiter cheaper Jλ•x .xKrel
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Candidate: Jλ•x .λ•y .x • yKrel ⊆whiter cheaper Jλ•x .xKrel
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⊢1 λ•x .λ•y .x • y : [0 ◦−→ L]
•−→ 0

•−→ L

whereas

⊢0 λ•x .x : [0
c−→ L]

•−→ 0
c−→ L

Candidate: Jλ•x .λ•y .x • yKrel ⊆whiter cheaper Jλ•x .xKrel

21 / 31



Difficulty: Proving Compatibility

App Case: If t ⊑whiter cheaper u and s ⊑whiter cheaper r then
t ·c s ⊑whiter cheaper u ·c r for any c.

Γ1 ⊢k1 t :M
d−→ L Γ2 ⊢k2 s :M

Γ ⊎∆ ⊢k1+k2+δ⊥c,d t ·c s :L
@

By hypothesis (whiter cheaper premices):

Γ′1 ⊢
k ′
1 u :M′ d′−→ L′ Γ′2 ⊢

k ′
2 r :M′′

.... @??(if M′ = M′′)

Γ′1 ⊎ Γ′2 ⊢
k ′
1+k ′

2+δ⊥
c,d′ u ·c r :L′

Both are whiter versions of M, we repaint typings whiter to be able
to apply @.
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Example of Repainting

x : [M
◦−→ L] ⊢1 λ•y .x • y :M •−→ L Γ ⊢k s :M

Γ, x : [M
◦−→ L] ⊢1+k+δ⊥•,d (λ•y .x • y) ·d s :L

@

↓ (λ•y .x • y ⊑whiter cheaper x)

x : [M
◦−→ L] ⊢0 x :M

◦−→ L Γ ⊢k s :M

Γ, x : [M
◦−→ L] ⊢k+δ⊥◦,d x ·d s :L

@

↓ (s ⊑whiter cheaper r)

x : [M′ ◦−→ L] ⊢0 x :M′ ◦−→ L Γ′ ⊢k ′
r :M′

Γ′, x : [M′ ◦−→ L] ⊢k ′+δ⊥◦,d x ·d s :L
@
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Whiter Cheaper but Not Everywhere...

(x : [M
c−→ L],M

d−→ L, k) ∈ Jλ•y .x • yK
iff

d = • and k =

{
0 if c = d

1 if c ̸= d

The whiter and cheaper typing whitens in specific spots:

(x : [M
◦−→ L],M

◦−→ L, 0) ∈ JxK
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Polarized Whiter Cheaper

For all checkers terms t, u we define t ⊑pwc u if and only if

∀(Γ, L, k), if Γ ⊢k t :L, then

∃(Γ′, L′, k ′) such that Γ′ ⊢k ′
u :L′

and ∃d , ⟨Γ′, L′⟩ ≤+
d ⟨Γ, L⟩ with k ≥ k ′ + d
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Polarized Color Occurrences

p ∈ {+,−}
A ≤p

0 A

M′ ≤−
k1

M L′ ≤+
k2

L

M′ ◦−→ L′ ≤+
k1+k2+1 M

•−→ L

M′ ≤¬p
k1

M L′ ≤p
k2

L

M′ c−→ L′ ≤p
k1+k2

M
c−→ L

L′1 ≤
p
k1

L1 · · · L′n ≤p
kn

Ln

[L′1, . . . , L
′
n] ≤

p
k1+···+kn

[L1, . . . , Ln]

Figure: Polarized whitening of a type.

The relations above extend to environments Γ and pairs ⟨Γ, L⟩ as
follows:

∅ ≤p
0 ∅

Γ′ ≤p
k1

Γ M′ ≤p
k2

M

Γ′, x : M′ ≤p
k1+k2

Γ, x : M

Γ′ ≤¬p
k1

Γ L′ ≤p
k2

L

⟨Γ′, L′⟩ ≤p
k1+k2

⟨Γ, L⟩
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Compatibility of the Polarized Whiter Cheaper Improvement

App Case: If t ⊑pwc u and s ⊑pwc r then t ·c s ⊑pwc u ·c r for any c.

Γ1 ⊢k1 t :M
d−→ L Γ2 ⊢k2 s :M

Γ ⊎∆ ⊢k1+k2+δ⊥c,d t ·c s :L
@

By hypothesis (t ⊑pwc u and s ⊑pwc r):

Γ′1 ⊢
k ′
1 u :M′ d′−→ L′ Γ′2 ⊢

k ′
2 r :M′′

.... @(if M′ = M′′)

Γ′1 ⊎ Γ′2 ⊢
k ′
1+k ′

2+δ⊥
c,d′ u ·c r :L′

We know that M,M′ and M′′ are still related:

M′ ≤−
l M and M′′ ≤+

h M
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Example of Repainting

It does happen that the argument type M is unchanged, consider
λ•y .x • y ⊑pwc x applied to an argument s ⊑pwc s.

x : [M
◦−→ L] ⊢1 λ•y .x • y :M •−→ L Γ ⊢k s :M

Γ, x : [M
◦−→ L] ⊢1+k+δ⊥•,d (λ•y .x • y) ·d s :L

@
x : [M

◦−→ L] ⊢0 x :M
◦−→ L Γ ⊢k s :M

Γ, x : [M
◦−→ L] ⊢k+δ⊥◦,d x ·d s :L

@

What if we were to use another term than s as argument, say r such
that s ⊑pwc r . We repaint in the typing for x

x : [M′ ◦−→ L] ⊢0 x :M′ ◦−→ L Γ′ ⊢k ′
r :M′

Γ′, x : [M′ ◦−→ L] ⊢k ′+δ⊥◦,d x ·d s :L
@
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Consider λ•x .x • λ•z .y • z ⊑pwc λ•x .x • y applied to s.
We have a derivation for (λ•x .x • λ•z .y • z) ·d s:

x : [[M
•−→ L]

c−→ L′] ⊢0 x : [M
•−→ L]

c−→ L′ y : [M
◦−→ L] ⊢1 λ•z .y • z : [M •−→ L]

y : [M
◦−→ L], x : [[M

•−→ L]
c−→ L′] ⊢1+δ⊥c,• x • λ•z .y • z :L′

@

y : [M
◦−→ L] ⊢1+δ⊥c,• λ•x .x • λ•z .y • z : [[M •−→ L]

c−→ L′]
•−→ L′

λ
Γ ⊢k s : [[M

•−→ L]
c−→ L′]

Γ, y : [M
◦−→ L] ⊢1+k+δ⊥•,d+δ⊥c,• (λ•x .x • λ•z .y • z) ·d s :L′

@

There exists a positive whiter-cheaper derivation for λ•x .x • y :

x : [[M
◦−→ L]

c−→ L′] ⊢0 x : [M
◦−→ L]

c−→ L′ y : [M
◦−→ L] ⊢0 y : [M

◦−→ L]

y : [M
◦−→ L], x : [[M

◦−→ L]
c−→ L′] ⊢δ⊥c,• x • y :L′

@

y : [M
◦−→ L] ⊢δ⊥c,• λ•x .x • y : [[M ◦−→ L]

c−→ L′]
•−→ L′

λ
Γ ⊢k s : [[M

•−→ L]
c−→ L′]

.... @?

Γ, y : [M
◦−→ L] ⊢k+δ⊥•,d+δ⊥c,• (λ•x .x • y) ·d s :L′

The repainting mechanism continues on s...
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Lemma (Repainting)

Suppose Γ ⊢k t : L and that ⟨Γ′, L′⟩ ≤−
1 ⟨Γ, L⟩. Then there exists a

derivation of Γ′′ ⊢k ′
t : L′′ such that one of the following holds:

(i) ⟨Γ′′, L′′⟩ ≤+
1 ⟨Γ′, L′⟩ and k = k ′; or

(ii) ⟨Γ′′, L′′⟩ = ⟨Γ′, L′⟩ and |k ′ − k | = 1.
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Conclusion
▶ [POPL25] Interaction-awareness in the λ-calculus: checkers

calculus & interaction equivalence
▶ [FoSSaCS26] Interaction improvement: make explicit the

costs at play in relational semantics
▶ A new proof technique for compatibility for non standard

preorder on intersection type semantics

Future work:

▶ Work it out in Call-by-Value/Need, and in effectful extensions
λf .f () ≡ctx λf .f () ; f ()

▶ How does it relate to Game Semantics? to process calculi?
▶ Prove that compiler transformations are correct improvements
▶ What does our interaction cost represent?

Communication complexity?

Thank you!

31 / 31



Conclusion
▶ [POPL25] Interaction-awareness in the λ-calculus: checkers

calculus & interaction equivalence
▶ [FoSSaCS26] Interaction improvement: make explicit the

costs at play in relational semantics
▶ A new proof technique for compatibility for non standard

preorder on intersection type semantics

Future work:

▶ Work it out in Call-by-Value/Need, and in effectful extensions
λf .f () ≡ctx λf .f () ; f ()

▶ How does it relate to Game Semantics? to process calculi?
▶ Prove that compiler transformations are correct improvements
▶ What does our interaction cost represent?

Communication complexity?

Thank you!

31 / 31



Conclusion
▶ [POPL25] Interaction-awareness in the λ-calculus: checkers

calculus & interaction equivalence
▶ [FoSSaCS26] Interaction improvement: make explicit the

costs at play in relational semantics
▶ A new proof technique for compatibility for non standard

preorder on intersection type semantics

Future work:

▶ Work it out in Call-by-Value/Need, and in effectful extensions
λf .f () ≡ctx λf .f () ; f ()

▶ How does it relate to Game Semantics? to process calculi?
▶ Prove that compiler transformations are correct improvements
▶ What does our interaction cost represent?

Communication complexity?

Thank you!

31 / 31



Beniamino Accattoli, Adrienne Lancelot, Giulio Manzonetto,
and Gabriele Vanoni.
Interaction equivalence.
Proc. ACM Program. Lang., 9(POPL), January 2025.

James Hiram Morris.
Lambda-calculus Models of Programming Languages.
PhD thesis, Massachusetts Institute of Technology, 1968.

David Sands.
Improvement theory and its applications, page 275–306.
Cambridge University Press, USA, 1999.

31 / 31


